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Given the ﬁeld Fq of characteristics p and an irreducible polyno-
mial P (x) = cnxn + cn−1xn−1 + · · · + c1x + c0 over Fq . We consider
certain questions of the irreducibility of the composition of polyno-
mials (xp −bx+h)n P ( xp−bx+cxp−bx+h ) over ﬁnite ﬁelds for some particular
cases. Furthermore, two computationally simple and explicit re-
cursive constructions of sequences of irreducible polynomials of
degree n2k and npk (k = 1,2,3, . . .) over F2s and Fp , respectively,
are given.
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1. Introduction
The problem of constructing high-degree irreducible polynomials over ﬁnite ﬁelds is one of the
challenging and important problems in computer algebra, coding theory, cryptography and theory of
ﬁnite ﬁelds. Moreover, recent advances in these areas have awakened an even more interest to the
subject of such polynomials.
Let Fq be the Galois ﬁeld of order q = ps , where p is a prime and s is a natural number. Let
xp − bx + c and xp − bx + h be relatively prime polynomials and P (x) =∑ni=0 cixi be an irreducible
polynomial of degree n over Fq .
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F (x) = (xp − bx+ h)n P
(
xp − bx+ c
xp − bx+ h
)
onto the ring Fq[x], which allows explicit constructions of irreducible polynomials of higher degree
from the given polynomial P (x).
The irreducibility of the polynomial composition has been studied by several authors including
Varshamov [9], Cohen [2,3], Kyuregyan [4–6], Abrahamyan and Kyureghyan [1]. Of more relevance
to our study is the composition construction of irreducible polynomials due to Cohen in [2] (see
also Theorem 3.17 [8]), where he has established under what conditions F (x) = gn(x)P ( f (x)/g(x)) is
irreducible.
Theorem 1. (See Cohen [2].) Let f (x), g(x) ∈ Fq[x] be relatively prime polynomials and let P (x) ∈ Fq[x] be an
irreducible polynomial of degree n. Then the composition
F (x) = gn(x)P( f (x)/g(x))
is irreducible over Fq if and only if f (x) − αg(x) is irreducible over Fqn for some root α ∈ Fqn of P (x).
In this work we examine certain questions of irreducibility of the polynomial composition F (x) =
(xp −bx+h)n P ( xp−bx+cxp−bx+h ) for some particular cases. We formulate the results as Theorem 2 and Corol-
laries 1 and 2 in Section 3.
And in Section 4 we describe two computationally simple and explicit recurrent methods which
yield families of higher degree irreducible polynomials over ﬁnite ﬁelds Fp and over F2s starting from
an irreducible polynomial.
2. Preliminaries
Let Fqn be a ﬁnite extension ﬁeld over ﬁnite ﬁeld Fq .
We need the following irreducibility results for our further study.
For convince we denote by Trqn/q and Nqn/q the trace and the norm, respectively, from Fqn
to Fq .
Proposition 1. (See [7, Theorem 3.78].) Let α ∈ Fq and let p be the characteristic of Fq. Then the trinomial
xp − x− α is irreducible in Fq[x] if and only if it has no root in Fq.
Proposition 2. (See [7, Corollary 3.79].) With the notation of Proposition 1, the trinomial xp − x − α is irre-
ducible in Fq[x] if and only if Trq/p(α) = 0.
Proposition 3. (See [8, Corollary 3.6].) For a,b ∈ F∗q the trinomial xp − ax − b is irreducible over Fq if and
only if a = Ap−1 for some A ∈ Fq and Trq/p(b/Ap) = 0.
3. Irreducibility of polynomial compositions
In this section we examine the irreducibility of composite polynomial (xp − bx + h)n P ( xp−bx+cxp−bx+h )
over Fq . We prove some results that will be helpful to construct sequences of high-degree irreducible
polynomials over a ﬁnite ﬁeld.
Theorem 2. Let xp − bx + c and xp − bx + h be relatively prime polynomials in Fq[x] and P (x) =∑n
i=0 cixi be an irreducible polynomial of degree n  2 over Fq, and let b ∈ F∗q , c,h ∈ Fq, (c,h) = (0,0).
Then
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(
xp − bx+ c
xp − bx+ h
)
is an irreducible polynomial of degree pn over Fq if
Nq/p(b) = 1
and
Trq/p
(
1
Ap
(
(c − h)P ′(1)
P (1)
+ hn
))
= 0,
where Ap−1 = b for some A ∈ Fqn and P ′(1) is the formal derivative of P (x) at the point 1.
Proof. Irreducibility of P (x) over Fq implies that it can be represented over Fqn as
P (x) = cn
n−1∏
u=0
(
x− αqu ), cn ∈ F∗q (1)
where α is a root of P (x). By substituting x
p−bx+c
xp−bx+h for x in (1) and multiplying its both sides by
(xp − bx+ h)n we obtain
F (x) = (xp − bx+ h)n P
(
xp − bx+ c
xp − bx+ h
)
= cn
n−1∏
u=0
((
xp − bx+ c)− αqu (xp − bx+ h))
= cn
n−1∏
u=0
((
1− αqu )xp − (1− αqu )bx+ (c − αquh))
= cn
n−1∏
u=0
(
1− αqu )
(
xp − bx+ c − α
quh
1− αqu
)
= cn(1− α)
qn−1
q−1
n−1∏
u=0
(
xp − bx+ c − α
quh
1− αqu
)
.
By Theorem 1 F (x) is irreducible over Fq if and only if the polynomial (xp − bx + c) − α(xp −
bx + h) or equivalently the polynomial xp − bx − c−αhα−1 is irreducible over Fqn . On the other hand,
the polynomial xp − bx − c−αhα−1 is irreducible over Fq if and only if b = Ap−1 for some A ∈ Fqn and
Trqn/p(
c−αh
Ap(α−1) ) = 0 by Proposition 3. It is easy to see that for Nq/p(b) = 1 there always exists such
A ∈ F∗q that Ap−1 = b.
To calculate the aforementioned trace, note that
Trqn/p
(
c − hα
Ap(α − 1)
)
= Trq/p
(
1
Ap
Trqn/q
(
c − hα
α − 1
))
.
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Trqn/q
(
c − hα
α − 1
)
= Trqn/q
(
c
α − 1
)
− h Trqn/q
(
α − 1+ 1
α − 1
)
= c Trqn/q
(
1
α − 1
)
− h
(
Trqn/q(1) + Trqn/q
(
1
α − 1
))
. (2)
Thus, to calculate the trace Trqn/q(
c−hα
α−1 ) we ﬁrst need to calculate the value of trace Trqn/q(
1
α−1 ).
To do this we introduce the following notation:
P (x+ 1) =
n∑
i=0
ci(x+ 1)i =
n∑
i=0
dix
i = D(x).
Recall that for a polynomial f (x) of degree n when f (0) = 0 its monic reciprocal is deﬁned by f ∗(x) =
1
f (0) x
n f ( 1x ).
Since α is a root of P (x), then (α − 1) is a root of D(x) = P (x+ 1), and therefore 1α−1 is a root of
its reciprocal polynomial D∗(x). Hence
Trqn/q
(
1
α − 1
)
= −d1
d0
= P
′(1)
P (1)
.
Substitution of the above formula in expression (2) gives
Trqn/p
(
c − hα
Ap(α − 1)
)
= Trq/p
(
1
Ap
(
c Trqn/q
(
1
α − 1
)
− h
(
Trqn/q(1) + Trqn/q
(
1
α − 1
))))
= Trq/p
(
1
Ap
(
−cP
′(1)
P (1)
− h
(
n − P
′(1)
P (1)
)))
= −Trq/p
(
1
Ap
(
(c − h)P ′(1)
P (1)
+ hn
))
.
By the given condition Trq/p( 1Ap (
(c−h)P ′(1)
P (1) + hn)) = 0, so we have that F (x) is an irreducible poly-
nomial. 
Corollary 1. Let P (x) satisfy the hypothesis of Theorem 2 with q = 2s and let x2 + bx + c and x2 + bx+ h be
relatively prime polynomials in F2s [x].
Suppose b ∈ F∗q and c,h ∈ Fq, (c,h) = (0,0). Then
F (x) = (x2 + bx+ h)n P
(
x2 + bx+ c
x2 + bx+ h
)
is an irreducible polynomial of degree 2n over Fq if
Tr2s/2
(
1
b2
(
(c + n)P ′(1)
P (1)
+ hn
))
= 0.
Another corollary of Theorem 2 describes a case with q = p.
Corollary 2. Let P (x) be deﬁned as in Theorem 2 with q = p and let xp − x + c and xp − x + h be relatively
prime polynomials in Fp[x]. Suppose c,h ∈ Fq and (c,h) = (0,0) Then
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(
xp − x+ c
xp − x+ h
)
is an irreducible polynomial of degree pn over Fq if
(c−h)P ′(1)
P (1) + hn = 0.
4. Recurrent methods
In this section we shall describe two computationally simple and explicit recurrent methods for
constructing higher degree irreducible polynomials over ﬁnite ﬁelds Fp and over F2s starting from an
irreducible polynomial.
We begin with establishing the following theorem.
Theorem 3. Let xp − x + δ and xp − x + 1 be relatively prime polynomials and P (x) be an irreducible poly-
nomial of degree n 2 over Fp . Let also δ ∈ Fp , δ + 1 = 0. Deﬁne
F0(x) = P (x),
Fk(x) =
(
xp − x+ 1)nk−1 · Fk−1
(
xp − x+ δ
xp − x+ 1
)
, k 1
where nk = npk denotes the degree of Fk(x). Suppose (δ−1)P ′(1)+nP (1) = 0 and (δ−1)P ′(δ)−nP (δ) = 0.
Then Fk(x) is an irreducible polynomial of degree npk over Fp for every k 1.
Proof. F1(x) is an np degree irreducible polynomial over Fp by Corollary 2 and the given conditions.
Suppose Fk−1(x) is an irreducible polynomial. We will see that to this end it suﬃces to show by
induction that Fk(x) is also an irreducible polynomial. To do this it suﬃces to show that F ′k−1(1) = 0.
First calculate F ′1(x) at the points 1 and δ. We have
F1(x) =
n∑
i=0
ci
(
xp − x+ δ)i(xp − x+ 1)n−i,
F ′1(x) = −ncn
(
xp − x+ δ)n−1 − nc0(xp − x+ 1)n−1
+
n−1∑
i=1
ci
[−i(xp − x+ δ)i−1(xp − x+ 1)n−i − (n − i)(xp − x+ δ)i(xp − x+ 1)n−i−1]
= −ncn
(
xp − x+ δ)n−1 − nc0(xp − x+ 1)n−1
+
n−1∑
i=1
ui
[(−i(xp − x+ 1)− (n − i)(xp − x+ δ))(xp − x+ δ)i−1(xp − x+ 1)n−i−1]
= −ncn
(
xp − x+ δ)n−1 − nc0(xp − x+ 1)n−1
− n
n−1∑
i=1
ci
[(
xp − x+ δ)(xp − x+ δ)i−1(xp − x+ 1)n−i−1]
+ (δ − 1)
n−1∑
i=1
ci i
[(
xp − x+ δ)i−1(xp − x+ 1)n−i−1].
Letting x = δ and 1 in the latter expression, we achieve the following
F ′1(δ) = F ′1(1) = (δ − 1)P ′(δ) − nP (δ).
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Fk(x) =
npk−1∑
i=0
ui
(
xp − x+ δ)i(xp − x+ 1)npk−1−i .
Now compute F ′k(x)
F ′k(x) = −npk−1ui
(
xp − x+ δ)npk−1−1
+
npk−1−1∑
i=1
ui
[−i(xp − x+ δ)i−1(xp − x+ 1)npk−1−i
− (npk−1 − i)(xp − x+ 1)npk−1−i−1(xp − x+ δ)i]− npk−1ui(xp − x+ 1)npk−1−1
=
npk−1−1∑
i=1
[
ci
[−i(xp − x+ δ)+ i(xp − x+ 1)](xp − x+ δ)i−1(xp − x+ 1)n−i−1]
= (δ − 1)
npk−1−1∑
i=1
iui
[(
xp − x+ δ)i−1(xp − x+ 1)npk−1−i−1], k 2. (3)
Substituting δ and 1 in (3), we obtain
F ′k(1) = F ′k(δ) = (δ − 1)F ′k−1(δ).
Also by (3) we have
F ′k(δ) = F ′k(1) = (δ − 1)k−1F ′1(δ) = (δ − 1)k−1
(
(δ − 1)P ′(δ) − nP (δ)), k 2.
Thus we have shown that F ′k(1) = (δ − 1)k−1F ′1(δ), which in turn is equal to (δ − 1)k−1((δ − 1)P ′(δ)−
nP (δ)), and therefore for F ′k(1) = 0 it is enough that (δ − 1)P ′(δ) − nP (δ) = 0. 
Theorem 4. Let P (x) =∑ni=0 cixi be an irreducible polynomial of degree n 2 over F2s . Deﬁne
F0(x) = P (x),
Fk(x) =
(
x2 + x+ 1)nk−1 · Fk−1
(
x2 + x
x2 + x+ 1
)
, k 1
where nk = n2k denotes the degree of Fk(x). Then Fk(x) is irreducible over F2s if Tr2s/2( P ′(1)P (1) + n) = 0 and
Tr2s/2(
c1
c0
+ n) = 0.
Proof. We start our proof by setting b,h = 1 and c = 0 in Corollary 1. By hypothesis of Corollary 1
F1(x) =
(
x2 + x+ 1)n P
(
x2 + x
x2 + x+ 1
)
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P ′(1)
P (1) +n) = 0. Suppose Fk−1(x) is irreducible over F2s . We show
that Fk(x) is also irreducible. By Corollary 1 Fk(x) is irreducible over F2s if and only if
Tr2s/2
(
F ′k−1(1)
Fk−1(1)
+ n2k−1
)
= Tr2s/2
(
F ′k−1(1)
Fk−1(1)
)
= 0.
To do this we show that Tr2s/2(
F ′k−1(1)
Fk−1(1) ) = 0. We compute
F1(x) =
n∑
i=0
ui
(
x2 + x)i(x2 + x+ 1)n−i,
F1(0) = F1(1) = c0.
Next ﬁnd the ﬁrst derivatives of F1(x) at the points 1 and 0
F ′1(x) = ncn
(
x2 + x)n−1 + nc0(x2 + x+ 1)n−1
+
n−1∑
i=1
ci
[(
nx2 + nx+ i)(x2 + x+ 1)n−i−1(x2 + x)i−1];
F ′1(0) = F ′1(1) = c1 + nc0.
Similarly for Fk(x) we obtain
Fk(x) =
n2k−1∑
i=0
u(k−1)i
(
x2 + x)i(x2 + x+ 1)n2k−1−i;
Fk(1) = Fk(0) = c0, k 1
and
F ′k(x) =
n2k−1−1∑
i=1
uk−1i
[(
nx2 + nx+ i)(x2 + x+ 1)n−i−1(x2 + x)i−1], k 2.
Substituting 0 and 1 in F ′k(x) we achieve
F ′k(0) = F ′k(1) = u(k−1)1 , k 2.
On the other hand,
F ′k−1(x)
∣∣
x=0 =
n2k−1−1∑
i=1
iu(k−1)i x
i−1
∣∣∣∣∣
x=0
= u(k−1)1 .
Thus we obtain
F ′k(1) = F ′k(0) = u(k−1)1 = F ′k−1(1), k 2,
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F ′k(1) = F ′1(1).
Finally we achieve Tr2s/2(
F ′k−1(1)
Fk−1(1) ) = Tr2s/2(
c1
c0
+ n). 
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